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Abstract

Given a consequence domain, following an idea due to Vickrey (1964), Ham-
mond (1976) showed that a behaviour rule defined at every decision node in
an unrestricted domain of finite decision trees, including continuation decision
trees, will have a set of consequences that depends only on the feasible set of
consequences if and only if behaviour maximises a complete and transitive weak
preference relation. This result was extended in Hammond (1998a, b) to trees that
include chance and event nodes, and to preferences that satisfy the independence
axiom with risk, and Anscombe and Aumann’s (1963) sure thing principle if
there is also uncertainty. If preferences are continuous on Marschak triangles,
behaviour must maximise the expectation of each utility function in a unique
cardinal equivalence class. This previous work followed Raiffa (1968) by limiting
attention to trees with consequences that accrue only at a terminal node. Here,
for the case of trees without event nodes, we extend these earlier results to trees
that admit finite chains of consequence nodes that accrue along any path, for
which intertemporal utility can be expressed as the sum of history-dependent
temporal utility functions. A subsequent paper considers a further extension
allowing menu consequences. 197 words]
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1 Introduction and Outline

1.1 Motivation

Bayesian rationality has become a standard paradigm in normative decision theory,
requiring the maximisation of the subjective expected value of each Bernoulli utility
function within a unique cardinal equivalence class of utility functions. Previous work,
such as Hammond (1988b, 2022), has characterised Bayesian rationality by examining
the consequences of behaviour in an unrestricted domain of finite decision trees, with a
consequence attached to the terminal node of each path through the tree. The domain
of trees includes all possible continuation subtrees.

The key result of this prior work is that behaviour defined over this domain
is prerational (in effect, consequentialist) and suitably continuous if and only if it
maximises an underlying Bayesian rational base preference relation defined on the
domain of lotteries over consequences at terminal nodes.! This establishes a fundamental
connection between preferences over risky or uncertain consequences and behaviour in
dynamic environments.

This past work considered finite decision trees that have four different kinds of node.
Depending on what explains the transition, if there is one, from a given node of the

tree to the next immediately succeeding node, these are:

1. decision nodes, where the transition is controlled by the decision maker;

2. chance nodes, where what Anscombe and Aumann (1963) described as a “roulette
lottery” with known or hypothetical but specified probabilities determines the

next state;

3. event nodes, where an uncertain move to the next state is determined by what
Anscombe and Aumann (1963) described as a “horse lottery” without assigned

probabilities;?

4. terminal nodes, which have no successors and determine a final consequence.

!Previously Hammond (1988a,b, 1998a) had worked directly with the notion of consequentialist
behaviour. Later, starting with Hammond (2022), this concept mutated to the notion of prerationality.
While both notions can be used interchangeably, as we will at times in the present paper, the notion
of prerationality emphasises how the assumed restriction on behaviour comes before any assumption
on neoclassical rationality. Put differently, neoclassical rationality assumes either the existence of
a complete and transitive binary relation describing an agent’s preference, or a well-behaved choice
correspondence that generates it. Our primitive object in this paper, as well as in previous work, is
behaviour defined on an unrestricted domain of finite decision trees. This behaviour need not conform,
prima facie, to a choice correspondence. Prerationality then implies the existence of both a choice
correspondence and an underlying complete and transitive preference base relation which rationalises
that correspondence.

2In Hammond (1988b), event nodes were referred to as “natural nodes.” The revised terminology
was suggested by the work of Debreu (1959), where decision trees are described as “event trees.”



In particular, this prior work has assumed that a consequence is assigned to a node
if and only if it is a terminal node. In this paper, we allow trees in which a consequence
can be assigned to non-terminal nodes as well. Thus, we introduce a novel fifth category
of node, which we call an intermediate timed consequence node.

Like terminal nodes, these nodes do not induce branching. Instead, they are
associated with a specified timed consequence that is relevant to the decision maker.
Unlike a terminal node, however, an intermediate consequence node does admit a
non-empty set of immediate successors, although that set must consist of just one
member. By extending the consequentialist decision-theoretic framework developed in
Hammond (1988a,b, 2022) to include trees with intermediate timed consequence nodes,
our theory can account for some critical yet previously overlooked aspects of dynamic
choice, including intermediate consumption and, in a subsequent paper, menu choice.

Regarding these new aspects, note first how, in many economic applications, decision
problems are structured in a way which makes it natural to regard the decision maker as
accruing timed consequences at intermediate nodes in a decision tree. For instance, in
a standard macroeconomic consumption—savings model, at each decision node the DM
chooses a consumption level. This counts as an intermediate timed consequence, which
in turn determines savings. A succeeding chance or event node then leads to a potentially
random wealth level in the next period, thus inducing the continuation subtree in which
future consumption choices will be made. Incorporating such intermediate consequence
nodes broadens the scope of consequentialist decision theory to accommodate these
common economic scenarios. Moreover, it lays the foundations for a subsequent analysis
of infinite-horizon decision problems where backward induction methods like those
developed in Hammond (1988a,b, 2022) and in this paper are not directly applicable.
In these infinite-horizon settings, recursive decision structures emerge naturally, making
it essential to include intermediate consequences.

It is natural next to extend the unrestricted domain assumption of the earlier work
in order to admit all logically possible finite decision trees that now include nodes
of all five kinds. Then, as discussed in Section 5, our results show that the previous
characterisation in Hammond (2022) of continuous prerational behaviour as maximizing
expected utility still holds in our enriched domain. Each Bernoulli utility function
in the relevant cardinal equivalence class, however, no longer has just one terminal
consequence as its only argument. Instead, the relevant arguments together form a
chain of successive timed consequences which accumulate along a path through the
entire tree.

Second, following Koopmans (1964) and Kreps (1979) for the case of deterministic
decision trees, as well as Kreps and Porteus (1978) for decision trees that admit

chance nodes, decision theory has long recognised that menus can themselves count



as consequences. Finite decision trees with menu consequences are the subject of our

ensuing paper, Hammond and Troccoli-Moretti (2026).

1.2 Two Early Attempts to Justify Ordinality

The ordinal revolution in demand theory originated in the work of economists like
Pareto, Hicks and Allen. Together with an appendix in later editions of the treatise by
von Neumann and Morgenstern (1944), which provided a system of axioms for expected
utility, these early ideas have been developed into an extensive literature on alternative
axiom systems in decision theory.® The key axiom of this ordinal revolution, of course,
is ordinality. This requires that a consumer’s demand behaviour can be modelled as the
choice of a consumption bundle that maximizes a (complete and transitive) preference
ordering over a feasible set, such as a budget set, of feasible consumption bundles.

In due course, subsequent work considered whether ordinality is reasonable in
more general decision problems. One early noteworthy contribution is the well known
“money-pump” argument due to Davidson et al. (1955)(pp. 145-146). This and the later
literature on this topic are the subject of, inter alia, Cubitt and Sugden (2001), as well
as the monograph by Gustafsson (2022). A second noteworthy contribution is based
on the notion of “path independence”. This was inspired by the concluding paragraphs
of the second edition of Arrow’s Social Choice and Individual Values. The exploration
by Plott (1973) showed, however, that path independence was only necessary, but not

sufficient, for ordinality.*

1.3 Definition of Normal Form Invariance

The present paper uses a different approach to justifying ordinality which was first
used by Hammond (1977). Motivated by work such as that by Strotz (1956) and by
Phelps and Pollak (1968), this relies on considering dynamic behaviour in decision trees.
Earlier, in their works on intertemporal economics, including macroeconomic theory,
economists such as Irving Fisher, Hicks, Arrow, and Debreu in particular considered
the implications of an approach which Vickrey (1964) described as “metastatics”. This
prompted the rather unusual title of Hammond (1977). In a competitive market
economy, Vickrey’s approach assumes that every economic agent chooses a single

trading strategy for all time in order to maximize a single intertemporal preference

3Famously, though von Neumann and Morgenstern’s system had many axioms, it did not explicitly
state the key independence axiom. This was realized following the subsequent discussion by Marschak
(1950), Samuelson (1952), and Malinvaud (1952).

4For subsequent refinements of Plott’s concept which do fully characterize ordinality, see Campbell
(1978) for work that focuses on computational procedures and their stability, as well as Bandyopadhyay
(1988) for an alternative refined definition of “sequential” path independence.



ordering — or in the case of a producer, the expected present discounted value of an
intertemporal profit stream. Thus, it is as if economic agents were participating in a
“metastatic” economy where, as in Debreu (1959)’s model of complete markets for all
dated contingent commodities, markets need to open only once.

In the specific context of an intertemporal economy, this “metastatic” approach is
equivalent to the claim in von Neumann (1928), elaborated later in von Neumann and
Morgenstern (1944), that a game in extensive form can be reduced to an associated
game in strategic or normal form in which each player has only a single decision to
make. This single decision is the choice of a normal form strategy specifying what
action to take at every possible information set that the player may face anywhere
in the whole extensive form game. Then normal form invariance is the claim that,
instead of having to consider all the details of a game in extensive form, it loses no
generality to consider only the strategic form of the game.

It should be noted that modern game theorists usually reject this claim, though
only outside two prominent special cases. The first special case arises when the game
in extensive form is a strictly competitive game, otherwise commonly known as a two-
person zero-sum game. The second case is a single-person game with only one player,
which of course is exactly the right setting when trying to justify ordinal preferences
for a decision maker.

Indeed, in its textbook treatment of dynamic choice, (Kreps, 2013, p. 149) states

“The standard approach to dynamic decision making (and to decision making
within a larger dynamic context) is to regard the decision problem as one of
choosing, at the outset, an optimal overall strategy and then implementing

flawlessly.”
Kreps continues by attaching to the standard approach a consequentialist flavour

“Optimality 1s determined according to the outcome engendered by the strat-
eqy; outcomes are (within the model) what matters to the decision maker
(...)"

The decision trees we consider are related to the “decision-flow diagrams” defined in
Raiffa (1968) ( p. 10) as finite trees in which a real-valued pecuniary payoff is attached
to each terminal node. Unlike Raiffa, however, in a deterministic decision tree there
are no chance nodes at which a lottery determines the next move; instead, all nodes
except terminal nodes are decision nodes at which the decision maker determines the
next move. Also, rather than having a real-valued pecuniary payoff attached to each
terminal node n, instead we specify a consequence domain in the form of an arbitrary
non-empty set Y, and then we attach a specified terminal consequence n(n) € Y to

each terminal node n.



1.4 Implications of Normal Form Invariance

In Hammond (1977) the concept we are now calling normal form invariance allowed
a novel justification of preference maximization. Specifically, consider behaviour in
deterministic finite decision trees, where all nodes except terminal nodes are decision
nodes. The normal form invariance hypothesis is that behaviour in any such tree
has consequences that are identical to those that would result if a normal form
decision strategy were used to choose a set of appropriate consequences that is entirely
determined by the feasible set of consequences. As will be discussed in Section 4.1,
it turns out that behaviour satisfies this hypothesis if and only if the appropriately
chosen consequences are those that maximize a (complete and transitive) preference
ordering over the feasible set.

Next, subsequent work such as Hammond (1988a, 1998a) initially considered risky
decision trees with chance nodes in addition to decision and terminal nodes. In effect,
the results of that work showed that normal form invariance could be satisfied if and
only if there was a preference ordering over risky consequences that satisfied the well
known and contentious independence axiom of expected utility theory. Provided a
further continuity axiom due to Jensen (1967) is imposed, the preference ordering over
risky consequences must have an expected utility representation.

Further extensions set out in Hammond (1988b, 1998b) considered uncertain decision
trees with event nodes in addition to decision, chance, and terminal nodes. Then, at
least in the case when the set of possible uncertain states of the world is finite, normal
form invariance along with continuity is satisfied if and only if every state of the world
can be given a positive subjective probability having the property that the preference
ordering over risky consequences must have an expected utility representation.

Though it would be fairly easy to include decision trees with event nodes in our

analysis, we have chosen not to do in order to avoid notational complexity.

1.5 Outline

After this introduction, the next Section 2 begins our formal discussion of decision
trees which, because they may have chance nodes but lack event nodes, may have risky
consequences but no consequences that are uncertain. Compared to earlier work where
consequences occur only at terminal nodes, the key novel feature of the decision trees
we consider in this paper is that in addition there may be timed consequence nodes
that have consequences that are also of concern to the decision maker.

Following these essential preliminaries, Section 2 sets out a formal model of finite
decision trees which allow timed consequence nodes. In particular, it is shown formally

how any such tree can be reduced to an equivalent decision tree in which the only



consequence nodes are terminal nodes, but where each terminal consequence is built up
from a sequence of successive timed consequences that arise along the unique path in the
decision tree which reaches that terminal node. For this reduction to work, however, the
preferences which apply to consequence chains that arise in any continuation decision
tree must generally be “history dependent”; in the sense that they depend on the part
of a consequence chain that precedes the initial node of the continuation decision tree.

Next, Section 3 turns to behaviour rules. In past work such rules were defined so
that, at any decision node of a relevant decision tree, they specify a non-empty set of
the moves which the decision maker can select at that node. Here we also consider how
a behaviour rule also specifies, at any decision node, a non-empty set of path strategies.

Definitions of consequentialism abound in philosophy and economics, and it is not
always clear that authors employing the same concept mean the same thing, and how
each definition relates to each other. Some intuitive interpretations of consequentialism
go along the lines “the structure of a decision tree doesn’t matter” or “behaviour is
explained solely by its consequences”. In the present paper we make a novel formal
link between the concept of consequentialism developed by Hammond (1988b), the
concept of prerationality developed by Hammond (2022), and the concept of normal
form invariance developed by von Neumann (1928). This key notion of consequentialist
normal form invariance is the subject of Section 4.

After extending the previous discussion of deterministic decision trees to allow trees
which include chance nodes, Section 5 is concerned with how prerationality implies the
independence axiom of expected utility theory. In particular, introducing a familiar
extra continuity axiom due to Jensen (1967) gives a justification for choosing lotteries
over consequence chains that maximize the expected value of each Bernoulli utility
function in a unique cardinal equivalence class of functions defined on the domain
of deterministic consequence chains. The same section also considers the dynamic
programming properties of any optimal path strategy.

Finally, Section 6 offers a concluding summary.

2 Decision Trees with Chains of Timed Consequences

2.1 Beyond Terminal Consequentialism

In this section we begin the process of extending the consequentialist decision theory
developed in Hammond (1988a,b, 1998a, 2022) to the domain of decision trees that
include chains of timed consequence nodes, of which only the last is a terminal node.
In the existing literature (in addition to the already cited papers by Hammond, we also

have the work by Karni and Schmeidler (1991)) the only nodes in a decision tree that



have consequences attached are terminal nodes. This leads to a terminal or “deathbed”
form of consequentialism in which, for example, an individual’s entire life history is
evaluated only at a time when life is about to end.

In this paper, we go beyond terminal consequentialism. For example, we might want
to accommodate more directly consumers’ decision trees in macroeconomics, where
consequences are intertemporal consumption chains. Accordingly, each consequence
node will not only have an elementary consequence attached to it, but also a (potentially

non-terminal) time of occurrence.

2.2 Trees, Succeeding Nodes, and Continuation Subtrees

In mathematics, a graph (N, E) is a set NV of vertices or nodes together with a set
E C N x N of edges e = (n,n') with n # n’ that consist of linked pairs of nodes. The
graph (N, F) is directed just in case there is an antisymmetric and complete binary
relation >, of immediate succession on £ — i.e., for each directed edge (n,n’) € E,
either n >4 n/, or n’ >,; n, but not both. We also let n — n’ denote the directed
edge defined by the ordered pair (n,n’). Then the set of immediate successors of n

is
Ntn):={neN:(nn)eE} = {neN:n">,n} ={neN:n—necE}.

A path of length k € N is a chain (n;)¥_, = (n1,n,,..., 1) of k successive nodes in
N such that nj 1 >y njforallj=1,...,k—1. Anoden’ € N ultimately succeeds
n just in case either n’ = n, or else there is a unique path n; — ny — ... — ny with
k > 1 such that n; = n and n;, = n'.

A directed graph (IV, F) is a tree just in case there exists a unique node n € N such
that, for every other node n’ € N \ {n}, there exists a unique path n — --- — n’. We
denote this unique initial node of the tree T'= (N, E) by no(T) = n.> Given a finite
tree T'= (N, E) and a node n € N, the continuation subtree 7%, = (N>,, E>,) at

n is the unique subtree of 1" with initial node n in which

N>, :={n' € N :n' ultimately succeeds n}, and Es,:=FEN(Ns, x N>,).

2.3 Risky Decision Trees with Timed Consequence Nodes

Let Y be any non-empty set representing the elementary consequence domain. We

denote by A(Y) the set of all probability mass function or simple roulette lottery on

SMathematicians and computer scientists often call the initial node of a tree its “root”. This is
botanically incorrect because almost all trees have entire root systems. Other more appropriate terms
include “seed” or “entry point”.



Y that are mappings Y 3 y — 7(y) € [0, 1] C R for which there exists a finite support
supp(m) C Y such that

m(y) >0 <= y €supp(n) and Zw(y) = Z m(y) = 1.
yey yEsupp(m)
Definition 1. For an elementary consequence domain Y, a finite decision tree with
timed consequences T is a tree with a finite set N(T) of nodes such that there exists:

1. a non-empty set N4(T) of decision nodes n, at each of which there exists a

non-empty set N“(n) of immediate successors;

2. a non-empty set N°(T') of chance nodes n at each of which a specified roulette lot-
tery w(+-|n) € A(NTY(n)) that satisfies w(n'|n) > 0 for alln’ € N*Y(n) determines
randomly which node n' will succeed n;

3. a non-empty set NY(T) of timed consequence nodes n such that:

o #NT(n) € {0,1} where, if #N ™ (n) = 0 and so N**(n) = 0, then n is
a terminal node, whereas if #NT'(n) = 1, then n is an intermediate

consequence node;

e there exists a consequence mapping
NU(T) 3 n — y(n) = (t(n), y(n)) € RxY

specifying the timed consequence to the DM, in the form of a pair consisting
of an elementary consequence y(n) € Y and a time t(n) € R of its occurrence,

of reaching any timed consequence node.

Thus, a finite decision tree T" with timed consequences has a partition
N(T) = NYT)uU N(T) U N¥(T)
of the set of nodes N(T') into the sets:
1. N4(T) of decision nodes at which the DM makes a move;
2. N¢(T) of chance nodes at which a lottery is played;
3. N¥(T) = NY(T) U N(T) of timed consequence nodes that can be:

e either terminal nodes n € NY(T) = {n’ € N¥(T) : N.1(n') = 0};

e or intermediate timed consequence nodes n € NY(T) = N¥(T) \ NY(T).

Note that at any consequence node, whether terminal or not, there is no branching.
Also, any terminal node is a consequence node.
We denote by T (R x Y') the unrestricted domain of all finite risky decision trees

with decision, chance, and timed consequence nodes, where each consequence is an



element of R x Y. This is the general domain studied in the present paper. The domain
of terminal consequences considered in previous work can be identified as a structural
subdomain of 7 (R x Y') satisfying the following restrictions. First, consequence nodes
must be terminal nodes, so that N¥(T') = N*(T) (or equivalently, N*(T') = (}). Second,
time must play no role. So we can fix any terminal time ¢ € R and restrict attention to

trees whose consequence nodes are all elements of {t} x Y. Then the resulting class
TE(Y)={TeTRxY): N(T)=0, y(n) € {t} xY VYne N¥T) },

of trees can be naturally identified with the earlier domain of trees where all consequence
nodes are terminal.’

For a decision tree ' € T(RxY'), any path (nq,ns,...,n) in the tree includes
a subsequence of m < k consequence nodes, and so a finite sequence or chain y =
(y;)je1 = (t,v5)j, of timed consequences (t;,y;) € R x Y whose successive times
satisfy ¢;41 > t; for j =1,2,...,m — 1. Given the timed consequence domain RxY,
for each 7 € N, let

YZ = {(tj,yj>;:1€(RXY)Ti tj+1>tj for all]zl,,T—l}

denote the domain of all possible timed consequence chains y = (t;,;)7_, of length 7.
Finally, we define Y(RxY') := |J,oy YZ as the set of all consequence chains of any
finite length.

We also regard a history as a finite chain of timed consequence. Define the domain

of possible histories as
H:={g}UY(R xY),

where @ denotes the empty history. For h € H, let ¢(h) denote the last date appearing
in h, with {(@) = —oc.

2.4 Decision Strategies and Path Strategies

Central to any consequentialist decision theory is the requirement that, for every tree T,
the theory provides a way of identifying what are feasible consequences for the decision
maker in that tree, provided that an appropriate decision is made at each decision
node.

Each decision node n € N%(T) has a finite set of immediate successors N*!(n).

Each of these immediately succeeding nodes corresponds to a possible move that the

Hammond often works directly with 7™ (A(Yp)), so that terminal consequence nodes may
carry lotteries over an underlying outcome space Y;. In the present framework this enrichment is
not essential: one can equivalently keep the consequence domain fixed at Yy and represent any such
terminal randomisation by inserting an explicit (possibly degenerate) chance node immediately before
the terminal consequence node.



DM might make at n. Because the tree is finite, the obvious counterpart of a strategy
in an extensive form game is a decision strategy specifying what move the DM makes
at every decision node n € N4(T).

A decision strategy must specify what move is made even at decision nodes that are
irrelevant because they cannot ever be reached after moves that the decision strategy
has specified at previous decision nodes. For this reason, we prefer to consider instead a
path strategy which specifies what sequence of nodes emerges from following each step
of a decision strategy all the way through to the end of a continuation subtree. Indeed,
a path strategy takes the form of a complete contingent plan which can be specified by
describing, for every decision node that can be reached, both which successor is chosen
and also how play continues after each possible realisation at any chance node.

A more formal definition of a path strategy must involve recursion. To describe this
requires some new notation. First, for any node n, let (n) denote the singleton node
chain whose only member is n. Then, given any k£ € N and any chain p = (my, ..., my)

consisting of k£ consecutive nodes, let

() | p = (noma, ... i) (1)

denote the concatenation of n with p. That is, (n) || p is the chain with k& + 1 nodes
that results by letting the chain (n) precede the chain p.

Now a path strategy in a finite tree 7" is a complete contingent plan which specifies,
for each decision node n € N(T') and associated continuation decision tree Ts,,, what
random path through 7%, emerges from the decision process. In particular, a path
strategy prescribes exactly one immediate successor at every decision node that can
be reached; it also specifies what is to be done after every possible realisation at any
encountered chance node. Crucially, a path strategy lists only moves chosen at decision
nodes. At each timed consequence node there is only one forced move. And at any
chance node there is also no choice; all that happens is that a specified roulette lottery
expands a relevant path into a randomized path whose continuations are then fully

specified.

Definition 2 (Path strategy). Given a finite decision tree T € T(R x Y), a path
strategy on 1" is a family {p(T>n) }nena(r) of contingent paths p(T>y), following each
decision node n € N%(T), that pass through the continuation subtree Ts,. Moreover,

the family {p(Tsn) tnenar) of contingent paths is generated by the following recursive

10



rule:

(), if n € NYT), so there are no further decisions;
p(Tsw), if n € NY(T) with NT'(n) = {n'};
p(Ts,) = < (n*), ifn € NYT), n* € Nt (n) and NYTs,-) = 0;

(n*y || p(Tsn+), ifne NYT), n* € NT(n) and NYTs,-) # 0;

\Eﬂ(.m)p(TZn/), if n is a chance node with kernel 7(- | n).

where Eq(jnp(T>w) denotes the expectation Y, cnvigy (0" | n) p(T>w) of the path

strateqy p(Tsn).

Remark 1. We adopt the mixture preservation rule requiring that, for any node n, for
any finite family {q, };c; of paths, and for any set {«; };c; of conver weights with a; > 0

foralli e I and > ., a; = 1, one has

iel

(D ea) = D o ((m)lla) @)

This definition ensures that the recursion in Definition 2 is well defined when concate-
nation applies to chains of consequence nodes that appear along a random branch of

the tree that appears downstream.

Definition 3 (Set of path strategies). For any decision tree T', let P(T') denote the set
of all path strategies {p(TZn)}neNd(T) that satisfy the recursion specified in Definition 2.

The recursive construction in Definition 2 is intended to capture formally the
intuitive notion of a contingent plan: a strategy should prescribe actions only along
branches that can in fact be realised, and it should specify what happens after every
possible chance realisation. The following proposition confirms that the recursive
definition indeed has these properties. It ensures that the syntactic object p(T)

corresponds to the semantic idea of an on-path, fully specified contingent plan.
Proposition 1. Every path strategy {p(1>n)},ena(ry € P(T) satisfies:

1. Reachability: it prescribes a move only at decision nodes that can be reached

under earlier prescribed choices and chance realisations;

2. Inclusiveness at chance nodes: whenever a chance node n s reached with positive
probability under {p(I>n)},cya(r), the path strategy unfolds into a mizture that
includes the full continuation p(Ts,) for everyn’ € N*'(n). In particular, no

successor of n is omitted from the induced contingent plan.

Proposition 1 establishes that the recursive construction expands into precisely the

kind of object one intuitively understands as a contingent plan. The path strategy

11



never prescribes actions at nodes that cannot be reached under its own prior choices.
Also, whenever chance intervenes, it expands into all possible branches that emanate
after the roulette lottery at the relevant chance node has been resolved, so each branch
carries within itself the full continuation plan in each case. Thus the recursively defined
path strategy provides a complete specification of behaviour along every possible history
that may be realised, without omitting any feasible contingencies, or introducing any

prescriptions concerning behaviour at off-path decision nodes.

Example. Consider a decision tree T in which the set of immediate successors of the
initial decision node ng satisfies N (ng) = {n°} for a unique chance node n¢. Suppose
that two chance edges n® — n; and n® — ny emanate from n® and lead to decision
nodes ny,ny € N7 (n¢) with respective probabilities & and 1 — . Finally, assume that
the immediate successors of these decision nodes in N™!(n;) U NT!(ny) are all terminal
nodes.

Consider a decision strategy for which the chosen move at n; is m; € N*!(n;) and

at ny it is my € N1 (ny). Then, using (2) for the second equality, one has

p(T) = (n) || (a{ma) + (1 —a)(ma)) = a()[{m)) + (1 =) ((n)][(m2))

This explicitly shows the random path as a mixture over the two contingencies created
by the chance node, while recording exactly one move at each decision node that is

reachable by following p(7’) along each branch. s

Remark 2. Observe that if N°(T) = (), so that the tree T' contains no chance nodes,
then every path strategy specifies a single path through each continuation subtree of
the tree.

2.5 Path Strategies and their Consequences

Fix a finite decision tree 7' € T(R x Y) and a path strategy {p(1>n)},cya(r) € P(T).
Executing the path strategy from any node n determines a unique continuation path

strategy for the continuation subtree 7%,. Indeed:
1. at each decision node, a single successor path strategy is selected;

2. at each chance node, the path strategy unfolds into a lottery over all succeeding

subpaths with their assigned probabilities;

3. at each timed consequence node that is not a terminal node, the timed consequence

is experienced and play continues;

4. at each terminal node, the process stops.
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For every continuation subtree 7%, the path strategy therefore induces a unigue random
path in the form of a lottery over the finite set of terminating paths of successive nodes
in the decision tree. The random path is obtained by specifying the different generated
paths along all reachable branches and then weighting them by the relevant chance
probabilities. Formally, this lottery can be constructed using a backward recursion
that mirrors that used to construct p.

In order to determine what consequences result from a path strategy, we will use
two prefixing concatenation operators. The first prefixing operator ||, which applies to
chains of arbitrary nodes, is the one defined by Equation (1) that simply prepends one
node to a succeeding node chain. The second prefixing operator o, which applies only
to chains of timed consequence nodes, prepends a timed consequence to a subsequent
consequence chain. Concretely, given a consequence chain y € Y(R x Y) and a timed
consequence y(n) € RxY at consequence node n, the concatenation y(n)oy € Y(RxY)
is the consequence chain obtained by prepending y(n) to y.

Thus, the two operators || and o are formally distinct but play analogous roles:
operator || prefixes nodes in the strategy representation, whereas o prefixes consequences

in the induced consequence chain.”

Theorem 2.1 (Chain consequence mapping). For any decision tree T € T(R x Y),

there exists a unique chain consequence mapping
P(T) 3 p—n(T,p) € A(Y(R xY)), (3)

such that for every path strateqy p € P(T') and every node n, the chain consequence

N(T>,, p) is the unique solution of the following backward recursion:
1. (1>, P) = Oy(n)) in case n € NY(T) with timed consequence y(n);

2. N(T>p,p) = y(n)on(T>u, p) in casen € NY(T) whose unique immediate successor
satisfies NT1(n) = {n'};

3. N(Tsn,p) = N(Tsp,p) if n € NYT) and n* is uniquely chosen by path strategy
p atn;

4 N(Ton,P) = D vensiy (' [0) N(Top, p) if n € N(T) with probability kernel
given by w(-|n) € A®(NT(n)).

Moreover, n(T,p) = N(Tsnyr), P) and the same characterisation holds for any

continuation subtree T,,.

"Formally, o maps (y,y(n)) to a consequence chain y o y(n), whereas || maps ((n),p) to a node
chain (n)||p.

13



Theorem 2.1 provides a precise link between behaviour and consequences. It links
a path strategy to the lottery over consequence chains that is generated when the
strategy is executed. The support of this lottery consists exactly of those chains that
can arise under the strategy itself. Along any realised history, the strategy follows
the unique successor it prescribes at each decision node that is reached, while chance
nodes generate the only source of randomisation through their kernels. Thus every
chain receiving positive probability corresponds to a path that is consistent with the
prescribed behaviour and with the probabilistic structure of the tree, with timed

consequence nodes contributing only by prefixing their dated consequences.

Example. Let ng € N4(T) and suppose choosing path p at ng leads to a chance node
n® € N¢T). At n the tree allows a random move: either to n; with probability «;
or to ny with probability 1 — a. Assume that nq,ny € Nd(T), and that their chosen
successors under p are terminal nodes nf,nh € NY(T') with respective consequences
y1,y2 € Y. In addition, suppose a timed intermediate consequence node n™ with
consequence y™ lies on the path between n¢ and n;, whereas no such node lies on the
path between n¢ and ny. Then the recursion specified in part 4 of Theorem 2.1 results
in

n(T,p) = aym, g + (1—a) d (yo)-

2.6 Feasible Sets of Consequence Chains

So far we have established that, for a fixed tree T, every path strategy p € P(7T)
induces, via the mapping mn, a unique lottery over consequence chains. It is therefore
natural to ask, for the same tree T', which lotteries over consequence chains can be
attained by some admissible path strategy. This leads to the notion of the feasible
set F(T) of random consequence chains at T'. It is the collection of all lotteries over
consequence chains which arise from the finitely many path strategies in T" that are

available to the decision maker.

Definition 4 (Feasible set of random consequence chains). For any decision tree

T € TR xY), the feasible consequence set is the range
F(T) = {n(T.p) : peP(I)} C A(Y(RxY)) (4)
of the consequence chain mapping defined by (3).

In words, the feasible set F'(T) is the range of the consequence mapping n as p
varies over P(T"). The set F(T') collects every possible lottery over consequence chains

that can arise from executing some possible path strategy in the tree T' starting at the
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initial node ny (7).
For any lottery A € A(Y(R x Y)) whose support consists of chains of timed

consequences that occur strictly after time ¢(n), define

y(n) oN:= Zyesupp()\) A(y) 6(y(n),y) & A(Y(R X Y))

That is, at an intermediate consequence node n, the prepending operator attaches
before the timed consequence chain y the additional timed consequence y(n) in order
to form the lottery over expanded consequence chains (y(n),y) that is now feasible
conditional on having reached node n.

Then, for any finite set F C A(Y(R x Y)) of lotteries, write

yn)oF:={yn)oX : A€ F}

Then, for the finite list (o );er of weights, with o > 0 for all i € I and ), oy =1,
and of corresponding sets F; C A(Y(R x Y)), define the mixture set

ZEI oI = {ZEI aA; A€ Fforallie ]}.

Theorem 2.2. Given any finite decision tree T € T(R x Y'), define for each node
n € N(T) the feasible set

F(Tsn) = {n(Ton,p) : pE€P(Tn)} C A(Y(RxY)).

Then the collection {F(T,) : n € N(T')} is the unique family of subsets of A(Y (RxY))

that satisfies the backward recurrence relation

({5y(n)} z'fn - Nt(T),

y(n)o F(Tsy) ifn e NY(T) and N*'(n) = {n'},
F(Ts,) =

Un’eN+1(n) F(TZN’) ifn € Nd(T)’

D g ™0 I M) E(T2) ifn € N¥(T).

In particular,

F(T) = F(Tsny1))-

Now Definition 4 of the feasible set F'(T") is conceptually natural: it is simply the
range of the consequence mapping as p varies over P(7T"). Taken on its own, however,
this characterisation is abstract. It does not explain how to determine F(7,) for a
given continuation subtree, nor does it provide a practical way to compute feasible
sets node by node. Theorem 2.2 fills this gap. It replaces the abstract range definition

by one based on a unique corresponding backward recursion that can be calculated
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directly within the tree, thereby yielding the feasible set F'(T%,) at every node n.
We note that if NY(T) = @, then the domain 7 (R x Y) collapses to the terminal
consequentialism domain 7 (Y') considered in Hammond (1988a,b, 1998a, 2022), and

the recursion reduces accordingly.

2.7 Consequence Chains as Histories

The feasible set F'(T%,) constructed in Theorem 2.2 of Section 2.6 is generated entirely
by the possible decisions and chance moves that remain available in the continuation
subtree 1%, whose initial node is n. Timed consequences that have already accrued
before n form a fixed prefix which cannot be varied by decisions within 7%,,. Nevertheless
this prefix can still matter for the full consequence chain generated by any continuation

from n.

Definition 5. Fiz a finite risky decision tree T € T(R xY'). For any node n € N(T),
let h(n) € H denote the history at n. This is the finite chain of timed consequences
attached to the timed consequence nodes on the unique path from the initial node no(T')
to, but not including, n, listed in their path order. If no timed consequence node strictly
precedes n, then h(n) = @.

Equivalently, if mq, ..., myw) are the timed consequence nodes on that path, ordered
from no(T) towards n, then h(n) := (y(mi),...,y(muw)) € H, where y(m;) =
(t(m;),y(my;)) for each j =1,...,k(n). The number k(n) is the consequence depth of
n. In particular, h(no(T)) = @.

If n € NY(T) is an intermediate timed consequence node with unique successor
n', then h(n’) = (h(n);y(n)). Thus the timed consequence at n is appended to the
history before the successor n’ is reached. Conversely, when computing continuation
consequences by backward recursion, y(n) is prepended to the consequence chains
generated by the successor subtree T%,,.

For any h € H, let Y-, (R x Y') denote the set of all finite timed consequence chains
whose first date, when the chain is non-empty, is strictly greater than #(h). For any
lottery A € A(Y>h(R X Y)), define the history-prefixed lottery

hoXi= Y AY)dmy € A(Y(RxY)),
y€supp(A)

with the convention that @ o A = A. For any finite set F¥ C A(Y<,(R x Y)), write
hoF :={hoX: X € F}. At any node n € N(T'), the continuation feasible set
F(Ts,) is the history-free set generated by the continuation tree. The corresponding
history-prefixed feasible set is

Fh(n) (TZn) = h(n) @) F(TZn)
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All lotteries in Fj(,)(T>,) share the same deterministic prefix h(n). The only
choice-dependent part is the continuation lottery generated from n onward. More
generally, suppose a tree T is faced after a prior history h € H. For any node n € N(T),
the accrued history before reaching n is (h; h(n)), and the associated history-prefixed

feasible set is
Fluhn)) (T>n) 1= (hi h(n)) o F(T5y).
For each h € H, let
Dy = {T TR XY) : np(T) € NUT) and F(T) C A(Yop(R x Y))},

denote the domain of decision trees that begin with a decision node, and whose feasible
consequence chains, following the history h, are lotteries over the domain Y-,(R x Y

of consequence chains that was defined in Section 2.3. Then let
D= {(h,T) ‘heH, TeDh}

The condition ng(T) € N(T) ensures that behaviour after h selects admissible
immediate successors at the initial node of T". The restriction F(T') € A(Y,(R x Y))
ensures that 7" generates only continuation lotteries whose timed consequence chains can
follow the history h. Moreover, whenever (h,T) € D and n € N4(T), the continuation

subtree 7%, is admissible after the accrued history (h; h(n)), so
((ha h(”))? TZn) eD.

Thus the same global behaviour rule can be evaluated at later decision nodes by
replacing the fixed history h with the accrued history (h; h(n)).

3 Behaviour Rules and Their Consequences

3.1 Defining a Behaviour Rule

A behaviour rule specifies which immediate moves are admissible at decision nodes. As
in classical decision and game theory, behaviour may be multi-valued. This allows for
the possibility that more than one immediate move is admissible at a decision node.
In earlier work, a behaviour rule was defined as a correspondence specifying, at each
decision node n of a tree T', a non-empty set of admissible immediate successors. There
is, however, some redundancy in specifying behaviour at all decision nodes of T" from
the perspective of the initial node. If a later decision node n is actually reached, the
decision maker then faces the continuation subtree 7%, after the history accumulated

before n. Thus actual behaviour at n should be described by applying the same rule
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to the history-tree pair (h,7T%, consisting of that accrued history followed by the
continuation tree starting at n. For this reason, we define behaviour on the domain D
introduced in Section 2.7. Recall that (h,T') € D means that T is a history-compatible
tree faced after h, with no(T) € N4(T).

Definition 6. A behaviour rule is a correspondence
D> (h,T) v+ Bu(T) € 2V o@D\ (g},
Thus, for each admissible pair (h,T) € D, the set B,(T) € N1 (ny(T)) is the non-empty

set of immediate successors of the initial decision node no(T) that are admissible after

history h.
The notation £, (7) is shorthand for f(h,T"). Thus fj should not be read as an

arbitrary behaviour rule assigned independently to history h. The primitive object is
one global correspondence 3, whose h-section is evaluated at the continuation tree 7.
Consequently, if (h,T) € D and n € N%(T), behaviour at n inside the original tree
is described by applying the same rule to the pair ((h; h(n)), TZn) € D. That is, the
admissible immediate successors at n are the elements of S(p(n))(T5,) € NTH(n). At
the initial node ny(7T), since h(ny(T)) = &, this reduces to 5, (T).

Thus, given any pair (h,7T) in the domain D, a behaviour rule determines a
behaviour set [3,(7") as the non-empty subset of all those decisions or moves in
N1(no(T)) that are normatively acceptable or admissible at the initial node ny(T") of
the tree T

3.2 Why Behaviour Rules are Dynamically Consistent

Consider a DM who started off at the initial node no(7") of the decision tree T € T (RxY),
but whose decisions combined with chance events have subsequently led to the decision
noden € N9(T) of T. At this subsequent decision node n, the DM faces the continuation
subtree 7T%,, whose initial node is n. Possible actual behaviour at the decision node
n is, by definition, specified by the non-empty behaviour set 5(7%,) C N41(n). This

choice set overrules any previous plan or intention to:
1. include unacceptable nodes . € Nyq(n) \ B(T>,);
2. exclude acceptable nodes 1 € 5(1%,,).

It follows that, whereas dynamic inconsistency is possible for preferences (Strotz
(1956)), or for plans or intentions (Bratman (1987)), it is impossible for actual behaviour.
This is because, in any continuation decision tree that is so far unreached, plans are

at best unrealized commitments. Note too that if plans or intentions are dynamically
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inconsistent, then actual behaviour cannot realize all these plans. We defer a formal

treatment of dynamic consistency until Section 5.2.

3.3 The Consequences of a Behaviour Rule

Starting from an admissible history—tree pair (h,T) € D, consistently following the
behaviour rule § restricts which path strategies through T are admissible. In this
section we characterise the subset ®7(T') C F(T) of continuation lotteries over timed
consequence chains that can result from following 3, given the chain consequence

mapping 1 specified by (3) in Theorem 2.1.

Definition 7 (f-admissible path strategies). Fiz (h,T) € D and a behaviour rule
B. A path strategy p € P(T) is [-admissible from (h,T) if, for every decision node
n € NYT) reached with strictly positive probability under p, the immediate successor

selected by p at n, denoted by p(n) € N™'(n), satisfies

P(1) € Binsn(ny) (T=n)-
Let PY(T) C P(T) denote the set of all B-admissible path strategies from (h,T).
The definition applies the same global behaviour rule at every decision node that
can be reached. The initial history is h. If decision node n is later reached inside T, the

history relevant for behaviour at n is the accrued history (h; h(n)), while the remaining

decision problem is the continuation tree 7%,

Definition 8 (fS-consequence set). For each (h,T) € D, define the consequence set
generated by [ from (h,T) as

(7)== {n(T,p) : p € P(T)} C F(T).
When full consequence chains after the already realised history h are needed, we write
ho®(T) = {h oA @f(T)} C ho F(T).

For the recursion below, we extend the notation P/ (T') to continuation subtrees
whose initial node need not be a decision node. Fix (h,T) € D. For any node
n € N(T), a path strategy p € P(7%,) belongs to P(Bh;h(n))(TZn) if, for every decision
node m € N%(Ts,,) reached with strictly positive probability under p, the immediate

successor selected by p at m satisfies

pP(m) € Binimy) (T>m).

Thus the admissibility restriction is imposed only at decision nodes, using the accrued

history from the original tree.
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Theorem 3.1. Fiz (h,T) € D and a behaviour rule B. For each node n € N(T), define

CI)?h;h(n)) (TZH) = {U(szm ‘pE P(ﬂh;h(n)) (TZn)} C F(Tzn)
Then the collection
{(I)fh;h(n))(Tzn) ‘ne N(T)}

15 the unique family of subsets ofA(Y(]R X Y)) satisfying the backward recurrence

( .
{5y(n)} Zf n e Nt(T>,
() © B, (To) ifn € NU(T) and N1 (n) = [},
dF (Tsy) = ‘
(rininy) (T=n) U Sy (Tom)  ifn € NUT),
W EB(hsn(n)) (T>n)
Z 7r(n'|n) q)(ﬁh;h(n’))(TZn') an S NC(T)
\n/eNt1(n)

In particular, since h(no(T)) = &, one has

B _ 3P
P, (T) = (P(h;h(no(T)))(TZno(T))'

Theorem 3.1 plays the same role for the correspondence (h,T) — ®7(T) that
describes the consequences of $-admissible behaviour as Theorem 2.2 does for the
correspondence T +— F(T) that describes the set of consequences that are feasible.
Whereas Definition 8 characterises @f (T') abstractly as the range of the consequence
mapping restricted to Pf(T), the theorem provides a backward recursion that allows
these sets to be computed node by node. The definition of the recursion for @/ (T)
differs from that for F' only at decision nodes, where the union is taken only over
successors that are S-admissible given the accrued history (h; h(n)) rather than over
all available successors. Since the admissible successors are always among the feasible
successors, the admissible consequence sets are contained in the corresponding feasible

sets.

Corollary 1 (f-consequences are feasible). For every (h,T) € D and every node
n € N(T), one has

oy (Lon) € F(T5,).

In particular, @g(T) C F(T).
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4 Normal Form Invariance

4.1 Normal Form Reduction of Risky Decision Trees

Following von Neumann (1928) and von Neumann and Morgenstern (1944), in the
normal or reduced form of a game each player has only a single opportunity to make
a move. Moreover, this single move must select a complete plan of action specifying
what to do at every information set specified in the extensive form of the game. In
a single—person decision tree T" € T(R xY'), such a complete plan is represented
by a contingent terminating chain p € P(T') of nodes constructed recursively as in
Section 2.4.

In a deterministic decision tree, our definitions imply that there is no distinction
between a path strategy and the path that it realises. Indeed, a path strategy then
specifies, for each prior history, each decision node, and each ensuing continuation
decision tree, precisely the unique terminating chain of consequence nodes that results
from the choices made at each decision node that the decision maker reaches.

In a decision tree that has chance nodes, the random result of the roulette lottery at
each chance node replaces the deterministic outcome of a path strategy with a lottery
over terminating chains of successive consequence nodes which are specified for each
continuation subtree that starts at a decision node. The consequence mapping n(7, p)
therefore already attaches to each path strategy p € P(T) its induced lottery over
terminating consequence chains.

To work with a reduced (normal) form, we collapse the extensive form of a decision
tree into a single static choice at the initial node, in the same spirit as the reduction to
normal form of an extensive form game. Concretely, we replace any finite decision tree T’
by a uniquely defined tree 7% in normal form where the initial node is the only decision
node, at which the DM selects a path strategy p € P(T). The terminal consequences
attached to this path strategy form a lottery over terminating consequence chains
through 7" that are induced by p, which are specified by n(7, p). In this reduction,
all sequential aspects of decision making are absorbed into the initial choice of the
path strategy p, and all intermediate resolutions of uncertainty are folded into a single
lottery over terminal nodes, which are consequence nodes. This motivates the following

formal definition.

Definition 9 (Normal form reduction). Let T' € T(RxY') be any risky finite decision
tree with timed consequences. Define the normal form reduction as the decision tree
TR € T(RxY) with:

(i) a single initial node nii(T) = ng(TY);

(i) one terminal node nl, € N'(T®) for each path strategy p € P(T);
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(iti) set of edges E® := {ng(T) — nl, : p € P(T)}, which all end in a terminal node;

t

(iv) for each path strategy p € P(T') and corresponding terminal node ny,,

a correspond-

ing termanal lottery given by

(T nl) :==n(T,p) € A(Y(RxY)).

P

Observe that T lies in the terminal consequentialism subdomain A(Y(RxY')) of
decision trees with consequence space. Indeed, the only decision node of T® is its initial
node nf, whose immediate successors are all terminal nodes, so the only intermediate
node is the initial node nf. Compared to Hammond’s original formulation where
the only consequence nodes are terminal nodes, what changes is only the terminal
consequence space: Hammond works with lotteries over Y, whereas here terminal

nodes are labelled by lotteries over timed-consequence chains, namely elements of
A(Y(]RXY)).

Definition 10 (Consequentialist normal form reduction). Let T'€ T(RxY') be any
risky finite decision tree with timed consequences, and let T™ be its normal form
reduction as specified in Definition 9. Define the tree TC € ’T(A (Y(RXY))) to be the
consequentialist normal form reduction of T with:

(i) a single initial node ng(T) = no(T°);

(ii) one terminal node n§ € NY(TC) for each lottery X € F(T);
(iii) one terminal consequence lottery given by n(TC, nk) = X for each X € F(T).

A minor difference between the normal form reduction T® of a decision tree
T € T(RxY) and the consequentialist normal form reduction T° of the same tree lies
in the labelling of the terminal nodes, each of which is an immediate successor in T
of the initial node n§ (7). In the tree T® these nodes are indexed by path strategies
p € P(T), whereas in T° they are indexed directly by consequence lotteries A € F(T).

A more substantive difference arises whenever there are two distinct paths p,p’ €
P(T) satisfying (T, p) = n(T,p’). In this case one has #N1(n§(T)) = #F(T) <
#N.1(ng(T)) = #P(T). Thus T merges dynamically distinct path strategies which
induce the same consequence lottery. So in the end the difference between the two
reductions does not matter; they both generate exactly the same set of lotteries over

consequence chains as are feasible in the original tree.

Proposition 2. Let T € T(RxY) be any risky finite decision tree with timed conse-
quences. Let T® and TC be, respectively, its normal-form reduction and consequentialist

normal-form reduction, as specified in Definitions 9 and 10. Then
KT") = KT = F(T) € A(Y(RxY)).
In view of the discussion in Section 2.3 on the embedding of terminal consequential-
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ism within 7 (R x Y'), the feasible consequence sets Fl (TR) and F (T C) are well defined.
In particular, even when terminal nodes are labelled by consequence lotteries, this can
be understood either by allowing a mixture-space consequence domain or, equivalently,
by representing the relevant randomisation explicitly via chance nodes immediately
upstream. In either interpretation, the feasible sets for 7% and T are constructed
by the same backward recurrence as in Theorem 2.2 which, when specialised to trees

where all consequence nodes are terminal, coincides with the recurrence relations in
Hammond (1988a,b, 2022).

4.2 Consequentially Normal Form Invariant Behaviour

The process of normal form reduction compresses an original “dynamic” decision tree
with multiple decision nodes into a single “static” decision tree with only one initial
decision node. Moreover, it does so while preserving the set of feasible lotteries
over consequence chains. In this section we study the behavioural implication of
this observation. We do so following the guiding principle that behaviour should
be determined solely by the consequentialist content of the problem — namely, the
finite menu F'(T') of lotteries over consequence chains — rather than by the particular
dynamic presentation of the tree. In short: once F(T') is fixed, the dynamic structure
of the decision problem should be irrelevant to the admissible set of consequences that
behaviour in the tree makes possible.

The next definition formalises this irrelevance.

Definition 11. A behaviour rule 5 on D is consequentially normal-form invariant just

in case, for every history h € H and all trees T,Tv € Dy, one has
F(T)=F(T) = ®(T)=o,(T).

Consequential normal-form invariance is imposed history by history. For a fixed
history h, two continuation trees T, T € D, that generate the same feasible set F (T) =
F (TV ) must generate the same admissible consequence set under 3. The comparison is
made after the same already realised history h, so the invariance requirement does not

compare behaviour across different histories.

Definition 12. Let F\y denote the family of all non-empty finite subsets or menus of
A(Y(RxY)). Then
e A choice correspondence on A(Y(RxY')) is a mapping Fg > F — C(F) € Fy
satisfying the restriction C(F) C F for all F' in F\y.
e Given any such C, the associated base preference relation =~ on A(Y(RXY)) is
the revealed preference relation defined, for all pairs of lotteries A, X' € A(Y(RXY)),
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by
AZXN = xec({a ) (5)

Theorem 4.1. A behaviour rule 3 on D is consequentially normal-form invariant if
and only if, for each history h € H, there exists a choice correspondence C,f on finite
subsets of A(Ysp(R X Y)) such that, for every tree T in the domain Dy, one has

®,(T) = C(F(T)). (6)
For each h € H, the induced base preference relation if is defined by
AZpm = AeC({An})

In earlier work Hammond (1988b, 1998a, 2022), condition (6) was taken as the
definition of consequentialist behaviour. By contrast, Theorem 4.1 shows that this
condition is not an assumption but rather a characterisation that follows from the
primitive concept of consequentialist normal-form invariance. In particular, a behaviour
rule S is consequentially normal-form invariant if and only if, for each history h €
H, there exists a choice correspondence Cf on finite menus of lotteries over timed
consequence chains such that, for every tree T' € Dy, behaviour after history h coincides
with the choice from the menu F(T).

Proposition 2 then links this invariance to von Neumann’s normal-form perspective:
every tree T has the same feasible set of lotteries over timed consequence chains as its
normal-form and consequentialist normal-form reductions. Combining the proposition
with Theorem 4.1 yields, for every history h € H and every tree 1" in the domain Dy,

the equation
;/(T) = @ (T™) = & (T°).

Thus, the dictum often attributed to (Kreps, 1988, p. 189-190) —“dynamic choice equals
the static choice of a strategy”™ — is not merely a heuristic: under normal-form invariance
it becomes formally equivalent to Hammond’s notion of consequentialism, history by
history. In this way, normal-form invariance provides a foundational bridge between the

classical representation of dynamic problems and the purely consequentialist content
encoded by the feasible set F(T).

5 Prerational Behaviour and Expected Utility

5.1 Definition of Prerationality

The preceding section associates with any consequentially normal form invariant

behaviour rule 3 a history-indexed family {C’,f }he 5 of choice correspondences, and so
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a history-indexed family {?\:g}he u of base preference relations that depend on choices
from pair sets. For each fixed history h € H, the relation ijf ranks continuation
lotteries over chains of timed consequences that can follow h. The following definition

applies the notion of prerationality history by history.
Definition 13. Fiz h € H. The binary relation 7, on the domain A(Y-,(RxY)) of

lotteries over consequence chains is prerational just in case there exists a consequentially
normal-form invariant behaviour rule 3 on D such that thzig, where if 15 the base

preference relation induced by Cﬁ.

Definition 14. Fiz h € H. A binary relation 75 on A(Ys,(R X Y)) is mixture
continuous just in case, for all triples A, p, v € A(Y>h(R X Y)) such that X =, pu and
= v, the two sets

{ae0,1]:ad+ (1 -z put and {a€l0,1]:pu =, ad+ (1 —a)v}
are both closed in [0, 1].

Theorem 5.1. Fiz h € H. A base preference relation 75 on A(Ysu(R x Y)) is
prerational and mixture continuous if and only if there exists a history-dependent
Bernoulli utility index Y-, (R X Y) 3y +— up(y) € R such that the expected utility
functional A(Ys,(RXY)) 3 X Up(X) € R satisfies, for all A\, X" € A(Y-4(R xY)),

the equivalence

AZiXN = U= ) Amy) = Y X@)uly) =Ua(XN) (7)
y€Esupp(A) y€supp(X')
Moreover, the Bernoulli utility index'y — up(y) belongs to a unique cardinal equivalence

class
A, ={v, € RY>r(BxY) . (a,b) € Rog X R such that uy, = avy, + b}

The proof proceeds in two distinct steps. First, fix any history h € H and consider
any risky decision tree T' € D;. We operate with its consequentialist normal-form
reduction 7. By Proposition 2, this reduction preserves the feasible set of consequences,

which is
F(T°) = F(T) C A(Y=h(R x Y)).

Moreover, because the behaviour rule 3 is consequentially normal-form invariant, the
induced admissible consequence set ®/(T) after history & depends only on F(T). So
restricting attention to the smallest consequence domain that includes the terminal
consequences of any consequentialist normal form tree T° leaves both feasible conse-
quences and behaviour after h unchanged. The dynamic structure of 7' can therefore

be collapsed without loss of consequential content.
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Second, on the terminal domain with consequence space Y, (R x Y'), Hammond’s
representation theorem applies. A base preference relation 72, on A(Ys,(R x Y))
is prerational and mixture continuous if and only if there exists a Bernoulli index

up : Ysp(R X Y) — R such that 7, is represented by the expected utility function

A RXY)SA=UA) = > Aly) ualy).

yEsupp(A)

Because T and T share the same feasible set F(-) and the same invariant behaviour
after history h, the same expected utility function A — Up(A) also represents the
original base preference relation 77, on A(Y>h(R X Y))

5.2 Prerationality and Dynamic Consistency

Suppose that a behaviour rule g is defined on the doamin D and is consequentially
normal-form invariant. Then Theorem 5.1 shows that, for each fixed history h € H,
the induced base preference relation ,ﬁg is mixture continuous if and only if it admits
an expected utility representation. In other words, once a history A and a continuation
tree T' € Dy, are given, the dynamic choice problem reduces to the static choice of
a path strategy p € P(T), with each path strategy inducing a continuation lottery
n(T,p) € A(Y-,(R x Y)) over timed consequence chains. Prerationality and mixture
continuity then guarantee the existence of a Bernoulli utility index u, on Y<,(R x Y)
such that the strategies prescribed by [ maximize expected utility after history h.

Because [ is defined on pairs (h,T), it induces not only the base relation at the
initial history h, but also a family of local, history-dependent base preference relations
at all the decision nodes of any tree 7" in the domain D. Fix any pair (h,T) € D. For
each decision node n € N¢(T), the accrued history before reaching n is h,, := (h; h(n)).
Since (hy,T>,) € D, the same global behaviour rule § induces a base preference
relation ifn on the full continuation-lottery space A(Y>hn (R x Y)) even though, in
the continuation subtree 7%, only the feasible set F'(T%,,) is available. Equivalently, if
full consequence chains after the accrued history are used, the relevant feasible set is
the history-prefixed set Fj, (1%,) = hy, o F(15,). The resulting family

(Z Jneneer (8)

provides a complete explanation for the decision maker’s behaviour throughout the
tree. This is the family fow which we can now define dynamic consistency.

It is important that this family is not understood as an arbitrary collection of
preference relations. The construction first fixes one behaviour rule g on D. The family
in (8) is then derived by evaluating that same rule at the successive pairs (hy, T>,).

Without this common behavioural source, there would be no reason to expect the
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relations at different histories to satisfy any dynamic consistency restriction.

Given two decision nodes n,n’ € N(T)), say that n’ is a prozimate successor decision
node of n just in case if n’ succeeds n and the unique path from n to n’ contains no
decision node other than n and n’. Let y denote the deterministic chain of timed

consequences attached to the timed consequence nodes lying strictly between n and n'.
Then

h(n') = (h(n);y) and  hy = (hn;y)

The prepending notation introduced in Section 2.7 applies in particular to the
deterministic segment y. Thus, for any A € A(Y, (R xY)), the lottery y o A belongs
to A(Ysp, (R xY)).

Definition 15. For a fixed consequentially normal-form invariant behaviour rule (3
on the domain D, the family ( zgn )neNd(T) induced on a tree T after history h is
dynamically consistent just in case, for any pair of decision nodes n,n’ € NT)
such that n' is a proximate successor decision node of n with h, = (h,;y), for all

ApeA(Ys, (RxY)), one has
yo)\i’gnyou — Azgn/u.

That is, the ranking at the later history h,  coincides with the ranking induced
at the earlier history h,, after the deterministic segment y has been fixed. Dynamic
consistency therefore compares two rankings of the same tail lotteries: (i) directly after
hy; and (ii) after prefixing y and then evaluating them from h,,.

Next, we show that prerationality of the base preference relation induced at the
initial node propagates to prerationality of the base preference relations induced at all

continuation subtrees rooted at decision nodes.

Proposition 3 (Propagation of prerationality). Let 5 be a consequentially normal-form
invariant behaviour rule on D. Fiz (h,T) € D, and write h, = (h;h(n)) for each
decision node n € NU(T). Then, for every n € NU(T), the induced base preference
relation zgn on A(Yp, (R xY)) is prerational.

Proposition 3 shows that, if 8 is consequentially normal-form invariant on D, then
on each continuation subtree 7%, evaluated after its accrued history h,,, there is an
inherited prerational base preference relation ij’,fn Dynamic consistency within a tree
therefore concerns the coherence of the family induced by the same rule § across
different decision nodes, rather than being an implication of prerationality at the initial

node ng alone.

Proposition 4 (Dynamic consistency of induced base preferences). Let 8 be a conse-
quentially normal-form invariant behaviour rule on D. For every (h,T) € D, writing
h, = (h; h(n)), the induced family ( ign )

neENI(T) 18 dynamaically consistent.
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Theorem 5.1 provides a static characterisation of base preference relations. It states
that, for each fixed history h, the base preference relation = is prerational and mixture
continuous if and only if it admits an expected utility representation on A(Ys,(RxY)).
In particular, prerationality in Definition 13 is a property of a single relation 7=, and
refers to the existence of a consequentially normal-form invariant behaviour rule that
induces it after history h.

By contrast, Propositions 3 and 4 operate at the level of a fixed behaviour rule
on D. Proposition 3 shows that if § is consequentially normal-form invariant, then
every continuation base preference relation ?;fn induced by [ satisfies the prerationality
hypothesis of Theorem 5.1. Thus, once mixture continuity is imposed, Theorem 5.1
can be applied history by history to obtain expected utility representations for the
entire induced family.

Theorem 5.1 therefore does not by itself impose dynamic consistency. Dynamic
consistency arises only after one fixes a single behaviour rule /3, evaluates that same
rule at each history-tree pair (h,,7>,), and studies the coherence of the continuation

preferences that it induces.

5.3 Intertemporal Aggregation of Utility Functions

The preceding subsection shows that a single consequentially normal-form invariant
behaviour rule 5 induces a dynamically consistent family of base preference relations
along any tree. We now ask how the expected-utility representations of these relations
are linked across successive decision histories.

Fix (h,T) € D, and write h,, := (h; h(n)) for the accrued history before a decision
node n € N4T). If n is a proximate successor decision node of n, let y denote the
deterministic chain of timed consequences attached to the timed consequence nodes
lying strictly between n and n’. Then h,, = (h,;y). For any tail consequence chain
s€ Ysp, (RxY), we write (y,s) for the concatenation of the realised segment y with
s. When zgn admits an expected-utility representation, let u;, denote the associated

Bernoulli utility index and U, the corresponding expected utility functional.

Theorem 5.2 (History-dependent weak intertemporal aggregation). Let 8 be a conse-
quentially normal-form invariant behaviour rule on D. Fix (h,T) € D, and suppose that,
for every n € NUT), the induced base preference relation ?\jgn 18 mixture continuous
and non-trivial. For each n € N(T), let up, be a non-constant Bernoulli utility index
representing zfn, as in Theorem 5.1. If n' is a proximate successor decision node of n,
with hy = (hy;y), then there exist unique numbers vy, (y) € R and &, (y) > 0 such
that, for everys € Y, (R x Y), one has

Un, (¥58) = VU, (¥) + En, (Y )un,, (8)- (9)
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By the unrestricted-domain assumption, these coefficients extend uniquely to functions
Yorn, RxY)sy— o, (y) €R, Yor, RxY)sy— &, (y) € Rao.

After a realised segment y has been fixed, the earlier preference at h, induces
a preference over the same tail lotteries that are ranked directly at h,,. Dynamic
consistency identifies these two rankings. Since both are represented by non-trivial
expected-utility functionals on the same mixture space, cardinal uniqueness gives the
affine aggregator in (9).

The dependence of v, and &, on y is essential. The continuation utilities for
different segments that are free of decision nodes can be measured on different cardinal
scales. Thus the theorem does not impose a single history-specific discount factor
linking h,, to every successor history. Instead it imposes an affine link only after the
realised segment connecting the two histories has been passed. The corresponding
lottery version follows immediately. For any A € A(Y-, (R x Y)), the bridge (9)

implies
Un,(y ©A) = v, (¥) + &n () Un, (). (10)

This is the form needed for the finite-tree dynamic programme below. Each realised
segment in a transition from one decision node to the next carries its own affine

conversion of future utility into the current history’s units.

5.4 Dynamic Programming

The preceding subsection links the Bernoulli utility indices at adjacent decision histories.
Theorem 5.2 applies after the decision-node-free segment between two decision nodes
has been realised. The Bellman recursion must therefore evaluate each possible segment
separately.

Fix (h,T) € D, and write h,, = (h; h(n)) for each n € N4(T). The state at a decision
node is the history-tree pair (h,,7%,), and the feasible controls are the immediate
successors a € NT1(n).

For n € N4T) and a € N™'(n), let L(n,a) denote the finite set of transition links
generated after choosing a. A link ¢ € L(n,a) consists of a path segment starting
at a, ending at the first node m(f) € N%(T) U NY(T) reached along that segment,
while containing no decision node before m(¢). Let y(¢) be the timed consequence
chain realised along this segment, and let a, ,(¢) > 0 be the product of any chance
probabilities along it, with product equal to 1 if no chance node lies on the segment.

The probabilities satisfy



If m(¢) € NUT), then hyy = (hy;y(€)). If m(£) € NY(T), then y(¢) is a complete
continuation chain after h,. The set L(n,a) is only a transition record generated by

the tree; it is not a feasible set, and no preference relation is defined on it.

Theorem 5.3 (Bellman equation). Let 5 be a consequentially normal-form invariant
behaviour rule on D. Fiz (h,T) € D, and suppose that, for every n € NU(T), the
induced base preference relation ign 15 mizture continuous and non-trivial. Let uy,,,
Un,, and &, be the functions specified in Theorem 5.2. Then for each decision node
n € NUT) there is a unique value V(n) € R which, at each a € N1(n), satisfies the

following Bellman equation. For, define

Qn,(n,a) == > ana(f)Rn,(0), (11)

LeL(n,a)
where
U, (¥(€)) + &, (Y (0)V (m(£)), if m(£) € NUT),
Ry, (0) = (12)
un, (y(£)), if m(£) € NY(T).
Then
Vin)= max O, (n,a) (13)

Moreover, for every n € N4(T),

Bh, (T>n) C arg max @y, (n, a). (14)

a€EN+1(n)

The inclusion in (14) is the strongest node-level implication delivered by conse-
quential normal-form invariance alone. Lemma 1 implies that @gn (T>,,) contains all
ign—maximal feasible continuation lotteries. It does not require S, (7%,) to contain
every immediate successor that can implement one of those maximal lotteries. A
move may therefore maximise @, (n, -) and still be excluded from Gy, (7%,) when the
same maximal consequence lottery is already implemented through another immediate
successor.

To state the exact consequential content of the Bellman recursion, define, for each
a € Nt(n),

Fo(Ton) == {n(Ton,p) : p € P(I%0), p(n) = a}.

Thus F,(T5,) is the set of continuation lotteries that can be generated after choosing
the immediate successor a, before imposing [-admissibility. Define an equivalence

relation on N*!(n) by

ar~, b <— Fa<T2n> = Fb(TZn)
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Let
N*H(n) := N*H(n)/~n,

and write [a],, for the equivalence class of a. For [a], € NT!(n), define

@, (n> [&]n) = Qh, (na @)7

which is well defined because all representatives of [a], generate the same feasible

continuation lotteries. Finally, define
B (Ton) 1= {[aly € N*'(n) 1 Fol(Ton) N @] (Ts) # 2}
Corollary 2 (Consequential Bellman characterisation). Under the assumptions of
Theorem 5.3, for every n € N(T),
Bhn(Tzn) = argmax @y, (n,[a],).

[aln €N (n)

The Bellman equation evaluates a control by rolling the value forward to the first
subsequent decision node or terminal node. If a link reaches another decision node,
the continuation value V' (m(¢)) is converted into h,-units using the affine coefficient
associated with the realised segment y(¢). If the link terminates, y(¢) is already a
complete continuation chain and is evaluated directly by wup,. Thus chance nodes
between decision nodes are handled by averaging over transition links, while choices

are handled by maximisation over consequentially distinct immediate controls.

6 Concluding Summary

In the traditional definition of a non-cooperative game, any player’s objectives are
assumed to be represented by the expected value of a real-valued payoff function.
Following Raiffa (1968) in particular, one-person games in extensive form, when
regarded as finite decision trees, also have a pecuniary payoff attached to each terminal
node. In decision theory, payoffs are typically replaced by consequences in a specified
domain, as in the key pioneering works of Arrow (1959), Savage (1954), and Anscombe
and Aumann (1963). In Hammond (2022) and earlier papers, consequences rather than
payoffs were attached to terminal nodes of decision trees.

This paper has explored the implications of allowing intermediate consequences
that occur before the end of a decision tree. Specifically, we consider decision trees
that contain a new class of “timed consequence” nodes at which no branching occurs,
but there is a timed consequence which matter to the decision maker, and so affects

the decisions that one should expect to be taken.
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Formally, decision trees with intermediate consequence nodes are equivalent to trees
where all such nodes have been removed, but where each terminal consequence becomes
elongated into a consequence chain or history of successive consequences that have

arisen along the entire path in the tree which leads to that terminal node.
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Appendix A Proofs

Recall that a timed-consequence chain is y = (y;)7L; € Y(R x Y), where y; = (;,;)
and the times are strictly increasing, ¢;,1 > t;. For a history h(n) = (y,,...,y,) and
a chain s, the concatenation (h(n);s) is a valid chain whenever s is empty or, when
non-empty, its first time is strictly greater than the last time in A(n). At a timed node
n, let y(n) = (t(n),y(n)) be its consequence; if n is intermediate with unique successor
n', then h(n') = (h(n);y(n)). When a tree is evaluated after an external history h, we

write h, = (h; h(n)). We start with some preliminary results.

Lemma 1. Fixz a consequentially normal-form invariant behaviour rule B on D. Fix

(h,T) € D, and let n € NYT). Write h, = (h;h(n)). Suppose that the choice
correspondence Cfn is rationalised by the base preference relation ?;gn on finite feasible

sets. Then
O (Ts,) = max (F(Tsn), 72, ),

3 r'\./hn

where, for any finite set A, one has
max(A4, 7)) ={Ae€eA: N eAd= Az AN}

Proof. Since (hy,, T>,) € D, Theorem 4.1 gives @in (Ts,) = Cfn(F(TZn)). By hypothesis,
C,fn is rationalised by ifn on finite feasible sets. Hence, for every finite A C A(Y~, (Rx
Y)), C’,fn(A) — max(A, =7 ). Applying this equality to A = F(Ts,) gives

y ~hp

), (Ton) = max (F(Tn), 21, )

Y r\./hn

as required. N

A.1 Proof of Proposition 1

For each node n € N(T'), define the depth d(n) of the continuation subtree 7%,
recursively by:

s — 0, if n e NY(T), (15)

1 + max,en+1(n) d(n'), otherwise.
Since T' is finite, h(n) is well defined and finite for every node n. Fix T" and prove both
claims simultaneously by induction on the finite depth d(n) of T%,.
Base cases. If n € NYT), then p(T>,) = (), so no decision can change any
consequence, implying that both properties are immediate. If n is a timed consequence
node with unique successor n’, then p(7%,) = p(7>,). Since no decision at n can

change any consequence, both properties for p(7%,) follow directly from those for
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P(T>p).

Inductive step. Assume the claims hold for all m with d(m) < d(n).
(1) Decision node n € NT). Fix n* € NtY(n). If N4(Ts,) = (), the recursion yields
p(1s,) = (n*), which records exactly one move at n and none elsewhere. Reachability

holds trivially, and chance-exhaustion is vacuous. If N%(7T%,+) # (), then

P(T>n) = (n)|[P(Ton-).

By the induction hypothesis, p(75,+) records moves only at decision nodes reachable
within 75,+ and is exhaustive at every reached chance node downstream. Prefixing
with (n*) introduces a move only at n and preserves the structure of all downstream
mixtures. By Remark 1, concatenation is compatible with mixtures. Hence both

reachability and chance-exhaustion hold for p(7%,,).
(2) Chance node n € N°(T'). The recursion gives

p(Ton) = > w0 [ n)p(Ton).
n’eN+1(n)
By the induction hypothesis, for each n’ € NT!'(n) the strategy p(Ts,/) satisfies
reachability and is exhaustive at all reached chance nodes within 7%, . Since the
recursion includes every successor n’ € NT'(n), the strategy unfolds at n into all
successor branches, with their full continuation plans. Thus chance-exhaustion holds at
n, and reachability and exhaustiveness downstream follow from the induction hypothesis.

This completes the induction.

A.2 Proof of Theorem 2.1

FEzistence. Fix p € P(T'). We construct n(7%,,p) for all nodes n by induction on the
finite depth d(n) of T%,,.

Base (depth 0). If n € NY(T'), set 1(T>n, P) := dy(n), Which is a probability measure.

Inductive step. As the induction hypothesis, suppose that 7(7%,,, p) is defined for
all m with d(m) < d(n).

(a) If n is an intermediate timed consequence node with unique successor n’, define
N(T>,,p) :=y(n) on(T>,,p). By Remark 1, this is a probability measure.

(b) If n € N4(T), let n* denote the unique successor prescribed by p at n, equiv-
alently, the first element of the contingent node-sequence p(7%,). By the induction
hypothesis, 1(7%,+, p) is defined. Set (1>, p) := N(T>,+, P).

(¢) If n is a chance node with kernel (- | n), define the mixture

N(Tonp) = Y (0| 0)n(Tow,p)

n'eN+1(n)
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of probability measures. This is well defined by the induction hypothesis.

Since T is finite, the depth d(n) is finite for every node n, so backward recursion
succeeds in defining (7%, p) for all n. Set (T, p) := N(T>ny (1), P). By construction,
the recursive characterisation stated in Theorem 2.1 holds.

Uniqueness. Suppose 1(T>,, p) is another mapping that satisfies the same recursive
characterisation. We show that n(7%,,p) = N(T>,, p) by induction on depth. At any
terminal node n, both equal the degenerate lottery dy(,). At an intermediate timed
consequence node n with successor n’, the induction hypothesis implies that the two
mappings coincide at n’, and therefore their push-forwards under z +— y(n) o x coincide
at n. At a decision node n, both equal the value at the uniquely selected successor n*,
which coincides by the induction hypothesis. At a chance node, both equal the same
convex combination of values at successors, which coincide by the induction hypothesis.
Hence n = i) pointwise on all subtrees, in particular on 7.

Truncations. Since the construction is by continuation subtrees 7%,, the same

argument applies verbatim to any truncation.

A.3 Proof of Theorem 2.2
Fix T'e T(R x Y). For each node n € N(T), define
F(Ts,) == {n(T>n,p) : p€P(T5,)} CA(YR xY)).
We show that the family {F(7%,) : n € N(T')} satisfies the backward recurrence, and

that it is the unique family of subsets of A(Y (R x Y')) that does so.

Step 1 (Existence). Fix n € N(T'). We verify each clause of the recurrence.

(a) Terminal noden € N*(T). Then T%,, consists only of the terminal timed consequence
node n. Hence P(7%,,) contains only the trivial path strategy that ends at n, and by

definition of 1 at a terminal timed node,

N(T>n, P) = dy(n)-

Therefore F(T%,) = {0ym)}-

(b) Intermediate timed node n € N*(T) with N™'(n) = {n'}. Let p € P(T%,). By the
recursive definition of path strategies, every p passes from n to its unique successor
n’ and then continues as some p’ € P(7%,/). By the recursion for the consequence

mapping 1 at an intermediate timed node,

N(T>n,P) = y(n) o (T, p').

Taking the range over all possible p € P(7%,,) is therefore equivalent to taking the range
over all p’ € P(7%,/) and then prefixing by y(n). Hence F(1%,) = y(n) o F(Ts,).
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(¢c) Decision node n € N4(T). Let p € P(T5,). Because of the recursive construction,
the path strategy p chooses exactly one successor n’ € N*1(n) and then continues as
some p’ € P(Ts,/). Conversely, for each n’ € N*™'(n) and each p’ € P(T,/), there
exists a path strategy in P(7%,,) that chooses node n’ at n and then follows p’ thereafter.

Since m depends only on the realised contingent path, one has

{W(TZmp) ‘P E P(Tzn)} = U {W(Tznupl) p' € P(Tzn’)}'
n’eN+1(n)
Thus F(Ton) = Upensi(m F(Ton).
(d) Chance node n € N°(T'). Let p € P(1%,). By the structure of 7%,,, chance selects
n’ € N*(n) with probability 7(n’ | n), and the continuation thereafter is specified by
a path strategy p,» € P(T%,/). Because of the recursive construction of 1, at a chance
node one has
N(Ten,p)= > 70 [ n)n(Tow, pw).
n/eN+(n)

Hence every element of F/(T%,) is a mixture }_, oy, T(n' | n)Aw with Ay € F(T5p)
for each n’ € N*1(n).

Conversely, given any selection satisfying \,, € F(T5,/) for each n’ € NT'(n),
choose p,y € P(T5,) for each n’ € N*(n), so that 9(T%,/, pw) = Aw. Then assemble
all these into a contingent path strategy in P(7%,). The induced consequence lottery

is then exactly > /e n+1(, (' | R)Ay. Therefore

F(Ts)= Y w0’ | n) F(Tep).

n’eN+1l(n)
This verifies the backward recurrence.

Step 2 (Uniqueness). Let {G(T>,) : n € N(T)} be any family of subsets of
A(Y (R x Y)) satisfying the same recurrence as in Step 1. We show G(7%,,) = F(T>,)
for every n by induction on the depth d(n) of n defined by (15).
Base case (depth 0). If n € N*(T'), the backward recursion in the first case implies that
G(Tzn) = {6?4(”)} = F(Tzn)'
Inductive step. Fix k > 0 and assume G(71%,,) = F(1,,) for all nodes m of depth at
most k. Let n have depth k + 1.

If n € N(T) with unique successor n’, then the backward recursion in the second
case implies that G(1%,) = y(n) o G(T>,) = y(n) o F(1Ts,y) = F(1%,), where the
middle equality uses the induction hypothesis.
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If n € N%(T), backward recursion in the third case yields
G(T>y) = U G(Tow) = U F(Tow) = F(Tsn).
n’eNt1l(n) n/eNtl(n)
If n € N°(T'), then the backward recursion in the fourth case implies that
GTe)= ), 7 [n)G(Tow)= ) a(n'|n)F(Tow) = F(Tsn).
n'eN+1i(n) n'€N+1L(n)
Thus G = F in all cases, and so at all nodes, proving uniqueness.

Step 3 (Root identification). At the root n¢(7), one has T%,,) = T. Hence
F(T) = F(Tsny)), by definition.

A.4 Proof of Theorem 3.1

Fix (h,T) € D and a behaviour rule . For each node n € N(T'), write h,, := (h; h(n)).
Define

O} (Ts,) = {n(T>n,p) : p € P} (T>,)} C F(T5,).

We show that the family {@’gn (T>,) : m € N(T)} satisfies the stated backward re-
currence, and that it is the unique family of subsets of A(Y (R x Y)) which does

SO.
Step 1 (Existence). Fix n € N(T). The verification is identical to the proof of
Theorem 2.2 except at decision nodes, where [ restricts the admissible successors.

(a) Terminal node n € N*(T). As in Step 1(a) of Theorem 2.2, the continuation subtree
7%, has the terminal node n as its only node. Hence Pgn (T%,) has the trivial path

strategy ending at n as its only member. It follows that
) (Tn) = {Sy(m)}-

(b) Intermediate timed node n € N'(T) with N*'(n) = {n’}. As in Step 1(b) of
Theorem 2.2, every p € an (T>,) passes to n' and then continues as some p’ €

P’g (T,/). Using the recursion for i at an intermediate timed node and taking the

71’

range over P?, we obtain
hn >n yn hn, >n’)-

(c) Decision node n € NUT). Let p € P’gn (T>,). By p-admissibility, the unique
successor n’ € NT1(n) selected by p at n satisfies n’ € 3, (T>,), and thereafter p
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continues as some element of P} (T’s,/). Hence
o>

oy (Ton) € | @ (Tom). (16)

" €Bhy, (T>n)
Conversely, fix n' € By, (Tsn) and A € & (Ts,s). By definition of &7, there exists
p' € Pf (T'syy) with n(T5,/,p") = A. Prepending the move n — n’ at n yields a
[-admissible path strategy p € Pgn (T>,) whose induced consequence lottery is A. Thus

the reverse of inclusion (16) also holds, and therefore

(I)gn (T>p) = U cI)fgn/ (Tow).

"' €Bny, (T>n)

(d) Chance node n € N(T). As in Step 1(d) of Theorem 2.2, conditional on each
successor 7’ € N*!(n) the continuation is determined by some p,, € P? (T,), and
the recursion for 1 at chance nodes yields a fixed-weight mixture. Taking the range

over all such admissible continuations gives

Cbgn (T5n) = Z m(n' [ n) (pgn/(TZn’)-

n/eN+1(n)
This verifies the backward recurrence.

Step 2 (Uniqueness). Let {G,, : n € N(T)} be any family of subsets of A(Y (R xY'))
that satisfies the same backward recurrence as in Step 1. The induction argument in
Step 2 of Theorem 2.2 applies verbatim, with the sole modification that at decision
nodes the recurrence takes unions over f3, (T>,) rather than over N*!(n). Since the

induction hypothesis equates G, with @f (T5,/) at successor nodes, each of the four
node types yields G,, = Q)gn(TZn). Hence G,, = @ﬁn(TZn) for every n € N(T).

Step 3 (Initial identification). At the initial node ng(T"), one has h(ny(T)) = &, so
Poo(ry = (h; @) = h. Since T,y = T, the definition gives

B _ &b — ®P
®,(T) = (I)hno(T) (Tzno(T)) = q)(h;h(no(T)))(TZno(T))'

A.5 Proof of Proposition 2

Recall that F(T) = {n(T,p) : p € P(T)}.
(1) Equality F(T®) = F(T). By construction of the reduced normal form tree TR,

it has a single decision node at the root ni{(7") and one terminal node nt, for each path

strategy p € P(T). So the only decision strategies in TR are the one-step strategies

dp = <”§(T) - ”;%
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and the terminal lottery at n’; is defined to be

n(T",ny) = (T, p).
Therefore,
n(TR, qp) =n(T,p) for every p € P(T).
Taking ranges gives
F(T%) = {n(T" qp) : p € P(T)} = {n(T,p) : p € P(T)} = F(T). (17)

(2) Equality F(TC) = F(T). By construction of T its only decision node is n§ (7).
Also, it has just one terminal node n} corresponding to each A € F(T). So the only

decision strategies in 7° take the form
rx = (ng(T) = n}),
Also, the terminal lottery at each terminal node nj is defined to be
n(TC nh) = A
Hence
n(T%rx) =X for every A € F(T)
It follows that
F(TC) = {n(Trx) : A€ F(T)} = F(T) (18)

Combining the two equalities (17) and (18) yields F(T®) = F(T¢) = F(T), as claimed.

A.6 Proof of Theorem 4.1

We use two basic facts established above. First, for each finite tree T', the feasible set
F(T) is finite. Second, by construction, ®;(T") C F(T) for every behaviour rule 3 and
every T' € Dy,

Lemma 2. Fiz h € H. For every non-empty finite set F' C A(Y<,(R xY)), there
exists a tree Tp € Dy, with F(Tr) = F.

Proof. Let F = {A',...,X™}. For each /, write A’ as a finite lottery over chains in
Y.n(R xY). By unrestricted domain, there is a history-compatible subtree implement-
ing A after h. Construct Ty by adding a decision root with one successor leading to
each of these subtrees. Then choosing successor ¢ at the root induces A, and no other

continuation lotteries are generated. Hence T € D), and F(TF) = F. 0
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(=) Suppose that 3 is consequentially normal-form invariant. Fix h € H. Given
any non-empty finite set F' C A(Y<,(R X Y)), Lemma 2 gives a tree Tp € D), with
F(Tr) = F. Define

Co(F) = ] (Ty).

This is well defined. If T € D, is another tree with F(Tp) = F, then consequential
normal-form invariance gives ®/(Tx) = (I)g(j:’p‘) Hence C/(F) does not depend on
the representing tree. Moreover, Cp (F) = @) (Tp) C F(Tr) = F, and it is non-empty
because [ selects a non-empty set of admissible successors at every reached decision
node. Thus C} is a choice correspondence on finite subsets of A(Y s (R x Y)).
Finally, for any T € Dy, one can take Tp) = T in the preceding construction.

Therefore
Cy(F(T)) = (1),
which proves (6).

(<) Conversely, suppose that, for each h € H, there exists a choice correspondence C,’ff
such that ®7(T) = C}(F(T)) for every T € D},. Fix h € H, and let T, T € Dj, satisfy

F(T)= F(T). Then
(1) = CJ(F(T)) = C(F(T)) = &(T).

This is consequential normal-form invariance at history h. Since h was arbitrary, [ is

consequentially normal-form invariant on D.

A.7 Proof of Theorem 5.1

Fix h € H, and write C, := Y-, (R x Y).
(=) Assume that 77, on A(C},) is prerational and mixture continuous. By Definition 13,
there exists a consequentially normal-form invariant behaviour rule g on D such that

finite subsets of A(Cy) satisfying ®(T) = C/(F(T)) for every T € Dj,. Hence the
dynamic structure of any tree T' € D), affects behaviour after h only through the finite
menu F(T) C A(Cy).

By the consequentialist normal-form reduction in Proposition 2, every such finite

>h:§§ . By Theorem 4.1, the h-section of 3 induces a choice correspondence C,f on

menu can be represented on the terminal domain with consequence space C},. Therefore
the static prerationality theorem of Hammond (1988a,b, 2022) applies to 77, on A(Ch).

Since 77 is mixture continuous, there exists a Bernoulli index uy, : C, — R such that,
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for all A, X € A(C),

AN = D) Awy) = D Ny)uly).
yé€supp(X) y€supp(X')
The same theorem gives cardinal uniqueness: any two Bernoulli indices representing

=, differ by a positive affine transformation.

(<) Conversely, suppose that there exists a Bernoulli index wy, : Cj, — R such that the
expected utility functional U, defined in (?7) represents 7.

First, 7, is mixture continuous. Indeed, for any A, u,v € A(C},), the map
a Up(ad + (1 - a)v)

is affine, hence continuous, on [0, 1]. The upper and lower contour sets appearing in
Definition 14 are therefore closed.

It remains to show prerationality. Define a choice correspondence on finite non-empty
subsets F' C A(C},) by

Ch(F) := arg max Un(X).

Since F is finite, C;*(F) is non-empty and contained in F'. By the static prerationality
theorem of Hammond (1988a,b, 2022), this choice correspondence is induced, on
the terminal domain with consequence space Cj,, by a consequentially normal-form
invariant behaviour rule. Extending that rule to arbitrary trees in D;, by setting
d(T) := C*(F(T)), and choosing arbitrary consequentially normal-form invariant
behaviour on histories other than h, gives a behaviour rule 5, on D whose h-section

is consequentially normal-form invariant. Its induced base preference satisfies, for all
AN e A(CY),

AN = A (AN} = UM 2UN) <= Ao\

Thus th:,ﬁg“, so 77y, is prerational by Definition 13. This completes the proof.

A.8 Proof of Proposition 3

Fix (h,T) € D, and let n € N4(T). Write h,, = (h; h(n)). By the closure property of
the history-compatible domain, (h,,T>,) € D. Since 3 is a consequentially normal-form
invariant behaviour rule on D, its h,-section induces the choice correspondence C,[fn
and the associated base preference relation iﬁn on A(Ysp, (R xY)).

By Definition 13, a relation on A(Ysp, (R x Y)) is prerational if it is induced by
some consequentially normal-form invariant behaviour rule on D. The relation ?\:ﬁn is
induced by the same rule 3. Hence iﬁn is prerational. Since n € N4(T') was arbitrary,

the conclusion holds for every decision node n € N4(T).
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A.9 Proof of Proposition 4

Fix (h,T) € D, and write h,, = (h; h(n)) for each n € N4(T). Let n,n’ € N%(T') be such
that n’ is a proximate successor decision node of n, and let y be the decision-node-free
timed consequence segment linking n to n’. Then h, = (h,;y).

Fix arbitrary A, u € A(Ysy, (R x Y')). By unrestricted domain, there exists a tree
B € Dy, , such that F(B) = {\, u}. By Theorem 4.1,

oy (B)=C ({A n}).

Now construct a tree BY € D;,,, whose initial decision node has a single successor, after
which the tree follows the deterministic segment y, with no further decision node before

reaching the initial decision node of B. Hence
F(BY) = {y oA you}.

Since the segment after the initial singleton choice and before B contains no decision
node, admissible choices in BY are exactly the admissible choices in B, prefixed by y.

Thus, by the recursion for ®°,
o] (BY) =y o] (B).
Applying Theorem 4.1 again gives

Cr ({yeXyou})=yoC; ({An}).

By definition of the induced base preference relation,

yoXZ, yop <= yoXeC ({yoAyonu}).

Using the equality just obtained and the injectivity of prefixing by the fixed segment y,

this is equivalent to
Aec (famd),

which, again by definition of the induced base preference relation, is equivalent to

A ifn, .

Therefore

yo)\>‘§nyou — A=’ o

~ Nhn/

B

Since n,n’, A, and p were arbitrary, the induced family ( = is dynamically

n ) neNd (T)
consistent.
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A.10 Proof of Theorem 5.2

Fix (h,T) € D, and write h,, = (h; h(n)) for each n € N%(T). By Proposition 3, each
induced base preference relation ijﬁn is prerational. By hypothesis, it is also mixture
continuous and non-trivial on A(Y>hn (R x Y)) Theorem 5.1 therefore gives, for each
n € N4(T), a non-constant Bernoulli utility index wuy, : Ysp, (R x Y) — R such that

Un,(A) == Z A(z)up, (z)
zEsupp(N\)
represents >‘5 on A(Y-p, (RxY)). We now prove the affine relation. Let n,n’ € N4(T)
be such that n’ is a proximate successor decision node of n. Let y be the deterministic
chain of timed consequences realised between n and n’. Then h,, = (h,;y). For all
A€ A(Y>hn, (R x Y)), define the preference relation 27y ~on the common tail-lottery

domain by

AT B = yo)\>6y o . (19)

Nhn

Since Up,, represents 2 Nh , the induced relation 7} is represented by

UY (A) = U (yoA) = Z A(s)un, (y.s).
sesupp
Thus the Bernoulli index representing 27y on Y, (R x Y) is s = uy,(y,s). By

Proposition 4, the family induced by the same global rule 5 is dynamically consistent.
Hence, for all X\, p € A(Y, (R x Y)), one has

ATy B = )\Nh,u.

Therefore =Y Zn, and ifn, are the same non-trivial expected-utility preference relation
on the same mixture space A(Y>hn, (R x Y)) The relation 7} = is represented by
the Bernoulli index s — uy,, (y,s), while ?\‘ﬁn, is represented by wuj, ,. By the cardinal
uniqueness part of Theorem 5.1, there exist unique numbers vy, (y) € R, and &, (y) > 0,
such that

Up, (y,8) = Un, (y) + &n, (¥)un,, (8)

for every s € Y-, ,(R x Y). This proves the local affine bridge for every realised
proximate segment in 7.

It remains to justify the extension of the coefficients to arbitrary continuation
chains after h,. Fix n € N4T) and let y € Y-, (R x Y) be arbitrary. By the
unrestricted-domain assumption, there exists an auxiliary tree Te Dy, with decision
nodes 7,7 € N%(T) such that 7’ is a proximate successor decision node of 7, the

initial history at m is h,,, and the deterministic segment between n and n’ is precisely
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y. Applying the local argument just proved to this auxiliary tree yields numbers
Oh, (y) €R, and &, (y) > 0, such that

Un, (¥58) = Un, (¥) + & (¥)(niy) ()
for every s € Y. (s,.y)(R X Y). These coefficients are independent of the auxiliary tree
used to realise y. Indeed, once h,, and y are fixed, the induced preference relation on
A(Ys(hy) (R x Y)) is given by

AZI p = yoAz, you.

This relation depends only on ifn and the fixed segment y. The continuation preference
,ﬁ(ﬁhn;y) also depends only on the successor history (h,;y). Thus any two auxiliary
trees realising the same pair h,, (h,;y) generate the same two non-trivial expected-
utility preferences on the same mixture space. Cardinal uniqueness therefore gives
the same affine coefficients. Define vy, (y) := O, (y), and &, (y) := &, (y). Since

y € Yo, (R x Y) was arbitrary, this defines functions
Up,, : Y>hn (R X Y) — ]R, ghn : Y>hn (R X Y) — R>0.

On realised proximate segments in the original tree 7', these extended coefficients agree
with the coefficients already obtained from the local argument, again by uniqueness.

This completes the proof.

A.11 Proof of Theorem 5.3

Fix (h,T) € D, and write h, = (h; h(n)) for each n € N4(T). Since T is finite, the
decision nodes can be ordered by reverse decision depth. We define V'(n) by backward
induction. The induction also establishes the following auxiliary claim: V(n) is the
maximal uy, -value attainable in F(T,), and, for every a € N*'(n), Qp, (n, a) is the
maximal uy, -value attainable in F,(7%,).

Consider first a decision node n such that no later decision node follows n. For
each @ € NT™'(n) and each ¢ € L(n,a), the arrival node m(f) is terminal. Hence
Ry, (0) = up, (y(¢)). The quantity @y, (n,a) is therefore well defined by (11). Since
N*l(n) is finite and non-empty, V(n) := maxgen+i(n) Qn, (1, a) is well defined. In
this terminal case, once a has been chosen, the transition links in £(n, a) exhaust the
induced chance evolution until termination. Thus Qp,, (n,a) is the maximal u,, -value
attainable in F,(7%,), and V(n) is the maximal wuy -value attainable in F'(7%,).

Now let n € N4(T), and suppose that V(m) has already been defined for every
decision node m that can be reached from n without passing through another decision

node first. Suppose also that, for each such m, V(m) is the maximal uy, -value
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attainable in F(T5,,). Fix a € N*!(n). For each link ¢ € L(n, a), there are two cases.
If m(¢) € N¥(T), then y(¢) is a complete continuation chain after h,, so its value is
up, (y(€)). If m(¢) € NUT), then hyu = (hy;y(¢)). For any continuation lottery
A € F(T>m), Theorem 5.2 gives

Un, (y(€) © X) = vn,, (¥ (£)) + &n,, (¥ (€)) Uh, ) (N)-

Since &, (y(¢)) > 0, maximising the value of y(¢) o X at h,, is equivalent to maximising
Uhpiey (A) at Iy By the induction hypothesis, the maximal continuation value at
m(¢) is V(m(¥)). Hence the maximal contribution of link ¢ is Ry, (¢), as defined in
(12).

A path strategy specifies choices independently at all decision nodes reached later in
the tree. Thus, after the control a has been chosen at n, the maximal value attainable
from the induced transition links is the probability-weighted sum in (11). Hence
Qhn, (n,a) is the maximal uy,, -value attainable in F,(7%,). Taking the maximum over
a € N (n) gives (13) and establishes that V' (n) is the maximal uy, -value attainable
in F(7T5,). This completes the backward-induction construction. Uniqueness follows
from the same induction, since each V'(n) is determined by successor-decision values
that have already been uniquely determined.

It remains to prove (14). By Proposition 3 and the mixture-continuity hypothesis,
Theorem 5.1 applies to ijgn Hence the choice correspondence Cfn is rationalised by

?\jfn on finite feasible sets. Lemma 1 then gives

O (Ts,) = max (F(T5,), 7, )-

Y r\./hn

Fix a € By, (T>,). Since f is non-empty at every decision node in its domain, the
immediate choice a can be extended to a S-admissible path strategy p € Pgn (T>p).

Hence
N(Tsn,p) € @) (Ton).

By the preceding display, n(7>,, p) is ign—maximal in F(Ts,). Therefore its uy,,-value
is V(n). Since p chooses a at n, the lottery n(7%,,p) belongs to F,(1%,). Since

Qh, (n,a) is the maximal uy, -value attainable in F,(7%,), we have

Qn, (n,a) > V(n).
By (13),

Vi(n) = o | Qn,,(n,b),
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50 Qp, (n,a) = V(n). Hence

a € argmax @y, (n,b).
bENT1(n)

Since a € B, (T>,) was arbitrary,

a€N+1(n)

as required.

A.12 Proof of Corollary 2

Fix n € N%(T). By the auxiliary claim established in the backward-induction con-
struction in the proof of Theorem 5.3, @y, (n, a) is the maximal wuy, -value attainable in

F,(Ts,), and V(n) is the maximal uy, -value attainable in F'(7%,). Hence
Qn,(n,[al,) =V(n) <<= F,(T>,) Nmax (F(T5,), ?\‘an ) # .
By Lemma 1,

O (Ts,) = max (F(T5,), 7, )-

) ~ohp
Therefore
Qn,(n,[aly) =V (n) <<= F,(Tsn)N (I)[}in (Tsn) # @.
By definition of B\hn (T>,,), this is equivalent to
[l € B, (Ton).

Since

V(n) = max )th(n, [b]),

[bBlneNTL(n

the claim follows.
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